Abstract. A configuration-interaction (CI) calculation has confirmed an earlier prediction of positron binding to neutral copper. The single-centre CI expansion gave a binding energy of 0.003 69 Hartree and a 2γ annihilation rate of 0.246 × 10 9 s −1 . The energy and annihilation rate are different from a previous calculation using the fixed-core stochastic variational method (FCSVM) due to the slow convergence of the CI calculation with respect to the number of spherical harmonics included in the CI expansion. An extrapolation of the CI calculation to the infinite spherical harmonic limit improves the quality of agreement with the earlier FCSVM calculation. The present calculation highlights the importance of an explicit treatment of the strong electronpositron correlations which are present when positrons interact with atoms.
Introduction
From a theoretical perspective the existence of electronically stable positron atoms is now well established. Rigorous ab initio calculations have shown that lithium, beryllium and metastable helium, i.e. He( 3 S e ), can all bind a positron [1] [2] [3] [4] . In addition, variational calculations using realistic model Hamiltonians have given convincing evidence that sodium, magnesium, copper, silver and zinc can also bind a positron [3, [5] [6] [7] [8] [9] . While the calculations of these heavier systems do not give rigorous evidence of binding, the predictions of binding are rigorous with respect to the underlying model Hamiltonians.
There have been a number of predictions of positron binding which were based on approximate methods of solving the Schrödinger equation. These predictions have been obtained with the polarized orbital method [10, 11] , perturbation theory [12, 13] and density functional theory [14] , and were not rigorous with respect to the underlying model Hamiltonians. A reasonable summary of the situation is that the only rigorous predictions of binding (for heavy atoms the predictions of binding are only rigorous within the confines of the underlying model potential) have come from the stochastic variational method (SVM) or its variants [1] [2] [3] [15] [16] [17] [18] .
In this paper, an orthodox configuration-interaction (CI) calculation of the Cue + ground state is presented. The CI method is one of the most widely used methods for computing atomic structures. Therefore, it is interesting to examine the performance of this method for an exotic atom containing a positron. These exotic atoms are very interesting systems to study, since they have a tendency to form Ps clusters as a consequence of the attractive electron-positron interaction. Many-body systems containing clusters are of great intrinsic and technological interest. For example, an analogue of the positronium atom, the exciton (an electron-hole bound state) is the most important excitation in semiconductors. These positronic atoms provide a unique insight into the behaviour of cluster-prone many-body systems, since more accurate solutions of the Schrödinger equation can be obtained for atoms than for solids. As mentioned previously, all of the rigorous predictions of positron-atom binding have been computed using the SVM or variants. Therefore, it is desirable that the prediction of positron binding should be verified for at least one atom by a completely independent calculation. Copper was chosen as the system to investigate because it had been shown that the positronium cluster composed a smaller fraction of the wavefunction than for any parent atom with one valence electron. Therefore, the Cue + ground state should be the system most amenable to treatment with the CI method. The earlier fixed-core SVM predictions of positron binding to copper were confirmed, although exact numerical agreement was not achieved.
Details of the model
Only a brief description of the CI method need be given here, as it is one of the standard methods for computing atomic structure. The Cue + ground state is treated as a system with one active electron and a positron. The underlying 28 electrons were taken to be fixed with the core wavefunctions being taken from a calculation of the Cu 4s
2 S e ground state. The single-particle orbitals for the core were written as a linear combination of Slater-type orbitals (STO). The wavefunction for the two active particles was expanded as a linear combination of configurations
In this expression, χ j (r p ) is a positron orbital, and φ i (r e ) is the valence electron orbital. Both electron and positron functions were written in the general form as a product of a radial function and a spherical harmonic, namely
The Gram-Schmidt procedure was used to ensure that the electron orbitals were orthogonal to the core orbitals of the same symmetry. We use L max to denote the maximum angular momentum of any single-particle orbital included in the CI expansion. The Hamiltonian for the valence electron and the positron was
In this expression, r p is the positron coordinate, while r e is the active electron coordinate. Later in this paper r e and r p are used to denote the mean e − -nucleus distance and the mean e + -nucleus distance. The interaction between the valence particles and the core contains the direct potential, the exchange potential (for the electron) and one-and two-body core-polarization potentials.
The direct interaction between the core and the active electron and positron was computed from the Cu + 1s, 2s, 2p, 3s, 3p and 3d orbitals. The exchange interaction between the valence electron and the HF core was computed exactly with the only approximation being that associated with a basis set expansion. The dipole polarizability for the Cu + core was taken to be 5.36 a 3 0 [7, 19] . The core-polarization potentials are [7] . b See [20] . c See [21] .
and
The square of the cut-off function was
The cut-off parameter, ρ, was set to 2.0 a 0 by fitting fixed-core Hartree-Fock calculations of the 3d 10 nl states to the experimental binding energies [3, 20] . The quality of the fit can be seen from table 1, in which the theoretical energy levels are compared with experiment. Calculations with (called the fixed-core (FC pol ) model) and without core polarization (called the FC model) potentials were performed. The calculations without the core polarization were mainly performed to illustrate the slower convergence of the CI expansion for a system that has a more prominent positronium (Ps) cluster [8] .
While the overall design of the Hamiltonian was similar to that used for the earlier FCSVM calculations [3] , there were some minor differences in the details of implementation. The FCSVM core-exchange interaction was computed with a set of core orbitals computed with Gaussian orbitals and the radial form of the polarization potential was approximated by a linear combination of Gaussians [3] .
The basis set used for the calculation can be loosely described as an even-tempered basis set with a minimum of 14 Slater-type orbitals for each of the partial waves from L = 0 to 10. The exact number of STOs for each partial wave is listed in table 2. The dimension of the calculation for the largest basis was 2156 configurations. Some optimization of the exponents of the STOs was performed, but the degree of optimization was relatively superficial and almost no optimization was performed for STOs with L 6.
A calculation of the Cu − ground state was done for two complementary purposes. First, agreement with the earlier calculations performed with the FCSVM approach provides a good check of the internal mechanics of the two different programs. Secondly, it was also possible to test the overall reliability of the model Hamiltonian and single particle basis set. The Cu − calculations used a subset of the orbital set subsequently used for the calculations on Cue + . A total of 62 active orbitals up to L = 4 were used, giving a CI expansion length of 419. It can be seen from table 1 that there is a difference of 2 × 10 −5 Hartree between the two non-polarized calculations. The discrepancy between the two calculations with core polarization was larger, no doubt due to the differences in the representation of the polarization potentials. 
The Cue + ground state
The results for the calculation of the Cue + ground state for the FC pol model are given in table 2. These results should be almost the same as the FCSVM pol results reported in [3] since almost the same Hamiltonians are used. However, there are significant differences between the FC pol and FCSVM pol results due to the slow convergence of all ground-state properties with respect to L max , the maximum angular momentum of any single-particle orbital included in the CI expansion. In the table, E is used to denote the energy (with respect to that of the Cu + core), N e and N p specify the number of electron and positron orbitals, and r e and r p are radial expectation values. The mean cosine of the angle between the electron and positron coordinates is given by cos θ ep , while r 2 ep gives the mean square of the distance between the electron and positron. We use v to represent the spin-averaged 2γ annihilation rate with the valence electron and c to represent the spin-averaged annihilation rate of the positron with the core electrons. The total spin-averaged annihilation rate can be calculated from the identity, t = v + c . Table 3 is the same as table 2 except for the fact that the FC Hamiltonian was used and the results should be compared with the FCSVM results reported in [7] .
The most notable feature of table 2 is the slow convergence of the binding energy and other quantities as a function of L max . For instance, it was not possible to obtain binding with L max 2. The energy was still far from converged even when L max was as large as 10. The binding energy reported by the previous FCSVM pol calculation had probably converged to an accuracy of 2 × 10 −5 Hartree [7] and the FCSVM pol calculation gives a much better estimate of the binding energy (with respect to the model Hamiltonian) than the present CI calculation. The orthodox CI expansion is slow to converge, due to the difficulty in representing the strong electron-positron correlations with a single-centre expansion. These correlations are so strong that it is best to regard the electron and positron as coalescing into something approximating a positronium (Ps) cluster, i.e. a superposition of states representing weakly bound positronium. The tendency for the electron and positron to cluster together is apparent in both tables 2 and 3. The mean cosine of the angle between the electron and positron coordinates is greater than zero, indicating that the electron and positron are found on the same side of the nucleus. The improved ability of the CI expansion to reproduce clustering as L max was increased is apparent in the monotonic increase of cos θ ep and the monotonic decrease in r 2 ep . Besides the energy, it is noticeable that the convergence of the 2γ annihilation rate was noticeably slower than the convergence of the energy. The very slow convergence of the annihilation rate is not surprising, since an accurate rate relies crucially on the ability of the CI expansion to reproduce the clustering of the electron and positron. This problem is exacerbated by the property of the Rayleigh-Ritz variational method that expectation values other than the energy have error terms of the first order in the wavefunction.
An extrapolation to the L max → ∞ limit was performed to determine the extent to which the present results were affected by the truncation of the partial-wave expansion. For all properties we use the identity
The factor is computed assuming the successive increments to any expectation values scale as 1/L p . The factor is then
The exponent p was derived from the ratio (X 10 −X 9 )/(X 9 −X 8 ). [7] is shown by the circle (•), while the binding energy extrapolated using equations (7) and (8) is given by the triangle ( ). The curve was derived by fitting a quadratic polynomial (in the variable 1/L max ) to the individual points.
with the FCSVM pol value. However, some numerical experiments have revealed that the extrapolated binding energy depends sensitively on the fine details of the fit. For example, using the last six points of figure 1 leads to a binding energy of 0.005 27 au, using the last five points leads to a binding energy of 0.004 95 Hartree, while using the last four points leads to a binding energy of 0.004 72 Hartree. Any extrapolation over such a large region will be subject to large uncertainties unless the actual functional form of the fitting can be deduced prior to performing the fit.
The expectation values reported in table 3 should be almost the same as the FCSVM results reported in [3] since the same Hamiltonian was used for both calculations. The trends apparent in table 3 are reminiscent of those in table 2, but the convergence of the wavefunction was even slower and the extrapolation to the L max → ∞ limit involved even larger uncertainties. The weaker attraction of the electron to the Cu + core permits the formation of a more pronounced Ps cluster, which, in turn, slows the convergence of the CI expansion. The tendency for the Ps cluster to be most prominent for parent atoms with the smallest ionization potential has been noted previously [8] .
The slow convergence of the wavefunction with increasing L max is further seen in the angular decomposition of the wavefunctions in table 4. The square of the coefficients, c α , of configurations with the same orbital angular momenta, (nL, n L), were collected for each L and summed together. In addition, a partial-wave analysis of the FCSVM and FCSVM pol wavefunctions [7] was performed for the first five partial waves. The leading coefficient of the L = 0 partial wave in the FC pol model was 0.878, which is 0.050 larger than the coefficient derived from the FCSVM pol wavefunction. When performing the calculations it had been noticed that this coefficient decreased monotonically as L max increased. Therefore, the difference between leading coefficients of the FC pol and FCSVM pol wavefunctions is understandable, given the uncertainty about the optimization of the radial functions and incomplete convergence with respect to L max . As expected the leading L = 0 coefficient (0.665) for the FC Hamiltonian (0.527 for the FCSVM Hamiltonian) was smaller than the FC pol coefficient. Table 4 . Partial-wave decomposition of the Cue + ground state. The partial-wave decompositions for the FSCVM pol and FCSVM models were derived from the wavefunctions described in [7] . The slow convergence of the CI expansion for these positron-atom bound states is further emphasized by a CI calculation of Lie + . This CI calculation was very similar in conception and execution to the CI calculations performed for copper. An even-tempered STO basis that included angular terms up to L = 14, with a minimum of 13 STOs per spherical harmonic and a dimension of 2535 configurations gave an energy of −0.241 37 Hartree. The calculation is 0.008 63 Hartree from satisfying the condition for binding (E = −0.250 Hartree). The Li atom has a small ionization potential and therefore the Lie + ground-state wavefunction is dominated by the Ps cluster [3, 8] . It is not surprising that the CI expansion of the Lie + ground state converges very slowly. The partial-wave decomposition of the CI wavefunction revealed that only 42% of the wavefunction was composed of the (ns n s)-type configurations.
For similar reasons, single-centre calculations of positron-atom scattering also show a slow convergence with parameters equivalent to L max . Single-centre close-coupling expansions of positron-hydrogen scattering are notoriously slow to converge [22] [23] [24] [25] . Similarly, it is necessary to include multipoles up to λ = 12 in polarized orbital calculations of positronatom scattering [26, 27] . It has also been noticed in the polarized orbital calculation that the phase shift converged faster than the annihilation rate.
Conclusions
A CI calculation has been used to investigate the applicability of the CI method to the calculation of positron-atom bound states and to verify an earlier prediction of positron binding to copper. Exact numerical agreement of the binding energy with the previous calculation was not achieved because of the slow convergence of the CI expansion with respect to the inclusion of additional spherical harmonics. The positron in these exotic atoms has a tendency to form a cluster with one of the electrons and such a structure is difficult to reproduce with a wavefunction constructed from single-particle orbitals centred on the nucleus. In this respect, application of the CI method to the Cue + ground state yields markedly inferior results to the earlier FCSVM calculations [7] . It would probably be possible to use an orthodox CI expansion to obtain energies and expectation values for Cue + (in a one-active-electron model) that are close to converged. This calculation would have to use a radial basis that was carefully optimized and, in addition, include another five to ten angular momenta. It obviously would be very difficult to use single-centre CI methods to generate accurate answers for systems such as Lie + or Nae + . These systems have ionization potentials significantly less than 6.80 eV and possess even more pronounced Ps clusters.
However, the success of the CI method in making a prediction of positron binding should not be understated as it is one of the most commonly used approaches in solving the atomic structure problem. The extension of the FCSVM to study systems with multiple electrons in the valence shell is expected to be very difficult, due to the tendency for the calculations to become increasingly time consuming as the complexity of the calculations increases [9] . The CI method might be the most effective way to attack the problem of positron binding to multielectron atoms such as silicon, germanium and tin which have polarizabilities and ionization potentials similar in size to copper. It should be possible to perform CI calculations for these atoms that are sufficiently large to answer the most important question of whether positron binding is possible. The use of CI methods to predict accurate binding energies would be a somewhat more difficult undertaking.
One of the important issues in this topic is, of course, how to detect such a species as positronic copper (or another positronic atom). The historical record in the field of positron physics is that the detection of positron binding systems has occurred many years after the initial theoretical prediction. For example, the experimental identification of HPs [28] and Ps − [29, 30] occurred more than 30 years after the first calculations indicating the existence of these systems [31, 32] . Fortunately, it should be possible to demonstrate positron binding to copper and, in addition, measure the binding energy in a charge-exchange experiment of the type
Cu
− + e + → Cue + + e − → Cu + + 2γ (or 3γ ).
The basic idea behind the proposed experiment [33] is to direct a Cu − ion beam through an interaction region containing positrons and measure positive Cu + or Cue + ions downstream. The relative energy differences of the Cu − , Cu, Cu + and Cue + ground states suggests that the only reaction to produce Cu + ions (with a reasonable cross section) below a centre-ofmass collision energy of 1.83 eV would be by the charge-exchange reaction given previously. Provided that the energy resolution of the collision is better than 0.1 eV, it should be possible to measure the onset of Cue + production at a predicted collision energy of about 1 eV. Such an experiment should be viable since the necessary ion beam and positron beam technologies needed are already in existence. A more comprehensive discussion of the theoretical and experimental issues is given elsewhere [33] .
